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BOND PRICING AND THE TERM STRUCTURE OF INTEREST
RATES: A NEW METHODOLOGY FOR CONTINGENT
CLAIMS VALUATION'

BYDAVID HEATH, ROBERT

JARROW, AND ANDREW MORTON2

This paper presents a unifying theory for valuing contingent claims under a stochastic
term structure of interest rates. The methodology, based on the equivalent martingale
measure technique, takes as given an initial forward rate curve and a family of potential
stochastic processeE for its subsequent movements. A no arbitrage condition restricts this
family of processes yielding valuation formulae for interest rate sensitive contingent
claims which do not explicitly depend on the market prices of risk. Examples are provided
to illustrate the key results.
KEYWORDS: Term structure of interest rates, interest rate options, contingent claims,
martingale measures.

1. INTRODUCTION
IN RELATION TO the term structure of interest rates, arbitrage pricing theory has
two purposes. The first, is to price all zero coupon (default free) bonds of
varying maturities from a finite number of economic fundamentals, called state
variables. The second, is to price all interest rate sensitive contingent claims,
taking as given the prices of the zero coupon bonds. This paper presents a
general theory and a unifying framework for understanding arbitrage pricing
theory in this context, of which all existing arbitrage pricing models are special
cases (in particular, Vasicek (1977), Brennan and Schwartz (1979), Langetieg
(1980), Ball and Torous (1983), Ho and Lee (1986), Schaefer and Schwartz
(1987), and Artzner and Delbaen (1988)). The primary contribution of this
paper, however, is a new methodology for solving the second problem, i.e., the
pricing of interest rate sensitive contingent claims given the prices of all zero
coupon bonds.
The methodology is new because (i) it imposes its stochastic structure directly
on the evolution of the forward rate curve, (ii) it does not require an "inversion
of the term structure" to eliminate the market prices of risk from contingent
claim values, and (iii) it has a stochastic spot rate process with multiple
stochastic factors influencing the term structure. The model can be used to
consistently price (and hedge) all contingent claims (American or European) on
the term structure, and it is derived from necessary and (more importantly)
sufficient conditions for the absence of arbitrage.
The arbitrage pricing models of Vasicek (1977), Brennan and Schwartz
(1979), Langetieg (1980), and Artzner and Delbaen (1988) all require an
IFormerly titled "Bond Pricing and the Term Structure of Interest Rates: A New Methodology."
comments from P. Artzner, F. Delbaen, L. Hansen, an anonymous referee, and from
workshops at Berkeley, Columbia University, Cornell University, Dartmouth College, Duke University, New York University, Stanford University, U.C.L.A., University of Illinois at Chicago, and Yale
University are gratefully acknowledged.
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"inversionof the term structure"to remove the market prices of risk when
pricingcontingentclaims.This inversionis requireddue to the two-stepprocedure utilizedin these papersto price contingentclaims.The firststep is to price
the zero coupon bonds from a finite number of state variables.Given these
derivedprices,the second step is to value contingentclaims.It is the firststep in
this procedurethat introducesthe explicitdependenceon the marketprices of
risk in the valuation formulae.The equilibriummodel of Cox, Ingersoll, and
Ross (1985), when used to value contingent claims, also follows this same
two-stepprocedure.To removethis dependence,for parameterizedformsof the
marketprices for risk, it is possible to invertthe bond pricingformulaafter step
one, to obtain the marketprices for risk as functionsof the zero coupon bond
prices.

This "inversionof the term structure"removes the market prices for risk
from contingentclaim values, but it is problematic.First, it is computationally
difficultsince the bond pricingformulaeare highlynonlinear.Secondly,as will
be shown later, the spot rate and bond price processes parametersare not
independent of the market prices for risk. Hence, arbitrarilyspecifying a
parameterizedform of the market prices for risk as a function of the state
variablescan lead to an inconsistentmodel, i.e., one which admits arbitrage
opportunities.This possibilitywas originallynoted by Cox, Ingersoll,and Ross
(1985, p. 398).
A second class of arbitragepricing models, illustratedby Ball and Torous
(1983) and Shaefer and Schwartz(1987) avoids this two-step procedure by
taking a finite number of initial bond prices and bond price processes as
exogenouslygiven. Unfortunately,Schaefer and Schwartz'smodel requires a
constant spot rate process, and as shown by Cheng (1987), Ball and Torous'
model is inconsistentwith stochastic spot rate processes and the absence of
arbitrage.
The model of Ho and Lee (1986) also avoidsthe two-stepprocedureby taking
the initialbond prices and bond price processesas exogenouslygiven.Unlike all
the previousmodels, however,they utilize a discrete tradingeconomy. In this
economy,the zero coupon bond price curve, in contrastto a finite numberof
bond prices,is assumedto fluctuaterandomlyover time accordingto a binomial
process. Unfortunately,it is only a single factor model, so bonds of all maturities are perfectly correlated. Furthermore,to implement their model, they
estimatethe parametersof the discretetime binomialprocessincludingthe risk
neutralprobability.For largestep sizes, as shownby Heath, Jarrow,and Morton
(1990),the parametersare not independent.This makesestimationproblematic,
as the dependence is not explicitlytaken into account. The continuous time
versionof this model, which is studiedbelow as a special case, is not subjectto
this same estimationdifficulty.
We generalize the Ho and Lee model to a continuous time economy with
multiple factors. Unlike the Ho and Lee model, however, we impose the
exogenous stochastic structureupon forwardrates, and not the zero coupon
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bond prices. This change in perspective facilitates the mathematical analysis and
it should also facilitate the empirical estimation of the model. Indeed, since zero
coupon bond prices are a fixed amount at maturity, their "volatilities" must
change over time. In contrast, constant forward rate volatilities are consistent
with a fixed value for a zero coupon bond at maturity.
The model in this paper takes as given the initial forward rate curve. We then
specify a general continuous time stochastic process for its evolution across
time. To ensure that the process is consistent with an arbitrage free economy
(and hence with some equilibrium), we use the insights of Harrison and Kreps
(1979) to characterize the conditions on the forward rate process such that there
exists a unique, equivalent martingale probability measure. Under these conditions, markets are complete and contingent claim valuation is then a straightforward application of the methods in Harrison and Pliska (1981). We illustrate
this approach with several examples.
An outline of this paper is as follows: Section 2 presents the terminology and
notation. Section 3 presents the forward rate process. Section 4 characterizes
arbitrage free forward rate processes. Section 5 extends the model to price
interest rate dependent contingent claims. Sections 6 and 7 provide examples.
Section 8 relates the arbitrage pricing approach to the equilibrium pricing
approach, while Section 9 summarizes the paper and discusses generalizations.

2. TERMINOLOGY

AND NOTATION

We consider a continuous trading economy with a trading interval [0, r] for a
fixed r > 0. The uncertainty in the economy is characterized by the probability
space (Q, F, Q) where Q is the state space, F is the c-algebra representing
measurable events, and Q is a probability measure. Information evolves over
the trading interval according to the augmented, right continuous, complete
filtration {F,: t E [0, ]) generated by n> 1 independent Brownian motions
{W1(t),W2(t), . . ., Wn(t):t E [0, r]} initialized at zero. We let E(*) denote expectation with respect to the probability measure Q.
A continuum of default free discount bonds trade with differing maturities,
one for each trading date T E [0, r]. Let P(t, T) denote the time t price of the T
maturity bond for all T E [0, r] and t E [0, T]. We require that P(T, T) = 1 for
all T E [0, r], P(t, T) > 0 for all T E [0, r] and t E [0, T], and that d log P(t, T)/dT
exists for all T E [0, r] and t E [0, T]. The first condition normalizes the bond's
payoff to be a certain dollar at' maturity. The second condition excludes the
trivial arbitrage opportunity where a certain dollar can be obtained for free. The
last condition guarantees that forward rates are well-defined.
The instantaneous forward rate at time t for date T > t, f(t, T), is defined by
(1)

f(t,T)

= -dlogP(t,T)/dT

forall

T ([0,r],

te [0,T].

It corresponds to the rate that one can contract for at time t, on a riskless loan
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that begins at date T and is returned an instant later. Solving the differential
equation of expression (1) yields

(2)

P(t, T) =exp

-.

forall Tc[O,r],

A(t,s) ds)

tc[O,T].

The spot rate3 at time t, r(t), is the instantaneous forward rate at time t for
date t, i.e.,
(3)

r-(t) = f( t, t)

for all t E [0, ].
3. TERM STRUCTURE

MOVEMENTS

This section of the paper presents the family of stochastic processes representing forward rate movements, condition (C.1). This condition describes the
evolution of forward rates, and thus uniquely specifies the spot rate process and
the bond price process. Additional boundedness conditions, (C.2) and (C.3), are
required to guarantee that the spot rate and the bond price process are
well-behaved.
C.1-A FAMILY OF FORWARD RATE PROCESSES:
T E [0, r], f(t, T) satisfies the following equation:
(4)

f(t,T)

-f(O,T)

=fta(v,T,w)

For fixed, but arbitrary

dv

0

+ Eto-i(v,T,)

dWi(v)

forall

0< t< T

where: (i) {f(O, T): Te [0, r]} is a fixed, nonrandom initial forward rate curve
which is measurable as a mappingf(O, *): ([O,r], B[O,r]) -> (R, B) where B[O,r] is
the Borel a-algebra restricted to [0, r]; (ii) a: {(t, s): 0 < t < s < T} x f2 -- R is
jointly measurablefrom B{(t, s): 0 < t < s < T} x>F -* B, adapted, with
TI a(t,T,w)Idt<

+oo a.e. Q,

and

(iii) the volatilities o-i:{(t, s): 0 < t < s < T} x f2 -* R are jointly measurablefrom
B{(t, s): 0 < t < s < T} x F -B, gdapted, and satisfy
f Ta2(t,T,)dt<

+oo

a.e.Q

for

i=1,...,n.

In this stochastic process n independent Brownian motions determine the
stochastic fluctuation of the entire forward rate curve starting from a fixed initial
3This is equivalent to r(t) = limh

O

0 [1 - P(t, t + h)]/P(t, t + h)h = f(t, t).

81

BOND PRICING

curve {f(O, T): T E [0, r]}. The sensitivity of a particular maturity forward rate's
change to each Brownian motion is reflected by differing volatility coefficients.
The volatility coefficients {o-i(t,T, w): T E [0, r]} for i = 1, ... , n are left unspecified, except for mild measurability and integrability conditions, and can depend
on the entire past of the Brownian motions. Different specifications for these
volatility coefficients generate significantly different qualitative characteristics of
the forward rate process. The family of drift functions {a( *, T): T E [0, r]} is also
unrestricted (at this point), except for mild measurability and integrability
conditions.
It is important to emphasize that the only substantive economic restrictions
imposed on the forward rate processes are that they have continuous sample
paths and that they depend on only a finite number of random shocks (across
the entire forward rate curve).
Given condition (C.1), we can determine the dynamics of the spot rate
process:
(5)

r(t) =f(0, t) + fa(

v, t, w) dv

n

forall

+ Efto(v,t,))dWj(v)

te[O,T].

The spot rate process is similar to the forward rate process, except that both the
time and maturity arguments vary simultaneously.
For the subsequent analysis, it is convenient to define an accumulation factor,
B(t), corresponding to the price of a money market account (rolling over at
r(t)) initialized at time 0 with a dollar investment, i.e.,
(6)

B(t) = exp (tr(y)

dy)

for all

t E [0,7-].

Given the dynamics of the spot rate process, we need to ensure that the value of
the money market account satisfies
(7)

0<B(t,w)

< + oo a.e. Q forall

t E [0,r].

This is guaranteed by condition (C.2).
C.2-REGULARITY

fIf(0,v)Idv<

OF THE MONEY

MARKET

+ oo and f(fla(v,t,

ACCOUNT:

w)Idv)dt<

+-ia

a.e. Q

Next, we are interested in the dynamics of the bond price process. The
following condition imposes sufficient regularity conditions so that the bond
price process is well-behaved.
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C.3-REGULARITY

OF THE BOND

f [fti(v,

PRICE

PROCESS:

y, t) dyj dv < +oo a.e. Q
forall

.

t E[O,r]

and i=1,...,n;

c(v yI t) dy] dv < +oo a.e.Q
forall

tE[O,T],

Te[O,i-],

i=1,...,n;

and
t|,f[fto-(v,

y, w) dWi(v) dy

is continuous a.e. Q

for all

T e [O,-r]

and i = 1, ...,n.

It is shown in the Appendix that under conditions C.2-C.3, the dynamics of
the bond price process (suppressing the notational dependence on o) are
(8)

lnP(t,T)

=lnP(O,T)

+ ft[r(v)

dv

+b(v,T)]

n

- (1/2)

E

+

E tai(v, T)2dv

ftai(v, T) dWi(v)

a.e. Q

for

i=1,...,n

1~~~~~~=
where
ai(t, T,w))

(v

j

b(t,T, o)

T

)dv

T. x(t,v,

w) dv + (1/2)

E

and

ai(t,T,o)2.

A straightforward application of Ito's lemma to expression (8) yields P(t, T)
as the strong solution to the following stochastic differential equation:
(9)

dP(t, T)

=

[r(t) + b(t, T)]P(t,

T) dt

n

+ Eai(t,
i=l

T) P(t, T) dWi(t)

a.e. Q.
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In general, the bond price process is non-Markov since the drift term
(r(t, W)+ b(t, T, w)) and the volatility coefficients ai(t, T, c) for i = 1, . . . , n can
depend on the history of the Brownian motions. The form of the bond price
process as given in expression (9) is similar to, but more general than, that
appearing in the existing literature (see, for example, Brennan and Schwartz
(1979) or Langetieg (1980)), because it requires less regularity assumptions and
it need not be Markov.
We define the relative bond price for a T-maturity bond as Z(t, T) =
P(t, T)/B(t) for T e [0, r] and t e [0, T]. This is the bond's value expressed in
units of the accumulation factor, not dollars. This transformation removes the
portion of the bond's drift due to the spot rate process. As such, it is particularly
useful for analysis. Applying Ito's lemma to the definition of Z(t, T) yields

t
InZ(t, T) = InZ(0, T) + tb(v, T) dv -(1/2)

(10)

0ai(v,

T)2 dv

tai(v, T) dWi(v) a.e. Q.

+

Again, the relative bond price at date t may depend on the path of the
Brownian motion through the cumulative forward rate drifts and volatilities. In
general, it cannot be written as a function of only the current values of the
Brownian motions.

4. ARBITRAGE

FREE BOND PRICING AND TERM STRUCTURE

MOVEMENTS

Given conditions C.1-C.3, this section characterizes necessary and sufficient
conditions on the forward rate process such that their exists a unique, equivalent martingale probability measure.

C.4-EXISTENCE

such that 0 <
Yi(

OF THE

Sl < S2 < ...

.

MARKET
< Sn<

PRICES

f2 x [0,S1] -R

;S1,.,Sn):

FOR

RISK:

Fix

Sl,

...

,

Sn

for

i=1, ... ,n

S.,
Sj

b({t, SnA

I al(t

[0, T]

a.e. QXA

to the following system of equations:
S1)
b(t1

E

Tr.Assumethereexistssolutions

.an(t,

SO

al1(t. Sn) ... an( t .Sn

IIY1(t;
v( t

.Sl

Sn)
Sn

0
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which satisfy
(12.a)

fSlyi(v;SJ,...,Sn)2dv<+oo

( 12.b)

E (eXp (

n

|Yi( V;Si

-(1/2)

(12.c)

i=1,...,n,

sn ) dWi(vU)

E fSYi(v;Si,*-*,Sn)

dv})

=

1,

[ai(v,Y) +?yi(v;Si, ... Sn)] dWi(v)

EJ

E(exp

a.e. Q for

-(1/2)

E

f

[ai(v, y) + yi(v; S, *.Sn)] 2dvYI

=

for yE{S1,.*,

1

SJ}

where A is Lebesgue measure.
The system of equations in expression (11) gives yi(t; S1,..., Sd) for i = 1,..., n
the interpretation of being the market prices for risk associated with the random
factors Wi(t) for i = 1, ... , n, respectively. Indeed, to see this, we can rewrite
expression (11) for the T-maturity bond as
n

(13)

b(t,T)

=

ait,T)

yi(t;S

,

Sn))

i=l

The left side of expression (13) is the instantaneous excess expected return on
the T-maturity bond above the risk free rate. The right side is the sum of
(minus) the "market price of risk for factor i" times the instantaneous covariance between the T-maturity bond's return and the ith random factor for i = 1
to n. It is important to emphasize that the solutions to expression (11) depend,
in general, on the vector of bonds {S1, .. ., S } chosen.
The following proposition shows that condition C.4 guarantees the existence
of an equivalent martingale probability measure.
PROPOSITION 1-Existence
of an Equivalent Martingale Probability Measure:
Fix Sl,...Sn E [0,] such that O<S1 <S2 < ... <Sn < r. Given a vector of
forward rate drifts {a(-, S1),..., a(, S)} and volatilities {o 0,S1),...,o,
S)}
for i = 1,... , n satisfying conditions C.1-C.3, then condition C.4 holds if and only
if there exists an equivalent probability measure Qs.sn
such that

(Z(t,

S),

... , Z(t, Sn)) are martingales with respect to {F,: t E [O,S,]}.
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PROOF:

In the Appendix.

This proposition asserts that under conditions C.1-C.3, condition C.4 is both
necessary and sufficient for the existence of an equivalent martingale probability
The key argument in the proof is Girsanov's Theorem, and it
measure QS, .S
identifies this probability measure as
(14)

dQ5s. Sn/dQ= exp {EfYi(v;Si,S
-(1/2)

,Sn) dWi(v)

flyi(v;

S, ..., Sn)2 dv}.

Furthermore, it can also be shown that
(15)

WiSi

Sn(t) =Wi(t)

dv for

-fyi(v;Si,...,Sn)

i=1,...,n

are independent Brownian motions on {(f2, QS1 Sn,F), {Ft: t E [0, S1]}.
Although condition C.4 guarantees the existence of an equivalent martingale
probability measure, it does not guarantee that it is unique. To obtain uniqueness, we impose the following condition:
C.5-UNIQUENESS

OF THE EQUIVALENT MARTINGALE PROBABILITY MEASURE:

FX SI,...ISn E [01] such that O <S1 <S2 < ... <Sn <r. Assume that
al(t,

Si)

..

an(t,

ai(t,

Sn)

Sj)

.

.
...

an(

is nonsingular a.e. Q x A.

t,Sn)

The following proposition demonstrates that condition C.5 is both necessary
and sufficient for the uniqueness of the equivalent martingale measure.4
PROPOSITION 2-Characterization of Uniqueness of the Equivalent Martingale Probability Measure: Fix S1,.. ., Sn E [O, r] such that O< S1 < S2 < ...< Sn
< r. Given a vector of forward rate drifts {a(, S1),.. ., a(-, SA)} and volatilities
{oi(, Sd), ... oi(I SS)} for i = 1, ... , n satisfying conditions C.1-C.4, then condition C.5 holds if and only if the martingale measure is unique.
,

PROOF: In the Appendix.
Conditions

impose

C.1-C.5,

restrictions

through the functions

upon

the

Yi(t; Sl,...

drifts for the

,

Sn) for i =1,...,n

forward rate processes

4For the case of a single Brownian motion, condition C.5 simplifies to the statement that
o-(t, SI)> 0 a.e. Q X A.
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{a(-, S,),..., a(-, Sn)}. It imposes just enough restrictions so that there is a
unique equivalent martingale probability measure for the bonds
(Z(t, S1),. ., Z(t, Sn)) with 0 < S1 < ... < Sn < r. Both the market prices for
risk and the martingale measure, however, depend on the particular bonds
{S1, ... ., Snj chosen. To guarantee that there exists a unique equivalent martingale measure simultaneously making all relative bond prices martingales, we
prove the following proposition.
PROPOSITION 3-Uniqueness
of the Martingale Measure Across All Bonds:
Given a family of forward rate drifts {a(, T): T E [0, r]} and a family of
volatilities {ui(*, T): T e [0, -]} for i = 1,... , n satisfying conditions C.1-C.5, the
following are equivalent:

(16)

[Q definedby Q = Qs n, s for any S, ..., Sn E (0, r ] is the unique
equivalentprobability measure such that Z(t, T) is a martingalefor all
Te [0,T] and t E [0,S1]];

(17)

[yi(t; SI *... i Sn) = yi(t, T1,.,
Tn) for i = 1, ..., n and all
S1, ..., Sn, T1,.. ., TnE[ [O,-r], t E [0, r] such that 0 < t < S1 < ... < Sn
AT- and
< t < TI< ... < Tn<T

(18)

7 1i(t, T)(4i(t) - f7i(t, v) dv) for all T E [0, r] and
where for i= 1, ... ,n,
i(t)=yi(t;S1, ...,Sn) for any
SI) ... ,Sn E= (t, ] and t E-[0,Si]].
[a(t, T)
t e[0,T]

=-i=

, Sn) with Sl < S2 < ... <
<
is
the
,
unique
equivalent
probability
measure
making Z(t, Si) a
Sn
Qs, sn
martingale over t < S, for i = 1,... , n. These measures are all equal to Q if
and only if yi(t; S1, . . ., Sn) = yi(t, T1, . . ., Tn) for i = 1, . . ., n and all
SD ... Sw,T -,.,Tn (e[0,r] and t E [0,r] such that 0 At <S1 < ... <Sn <,r and
0 < t < T1< ... < Tn<'r. To obtain the third condition, by expression (13) and
the fact that (+1(t), .. ., 4n(t)) is independent of T, one obtains b(t, T) =
- E7n=1ai(t, T)4i(t). Substitution for b(t, T), ai(t, T) for i = 1,... , n and taking
the partial derivative with respect to T gives (18).
Q.E.D.
PROOF: From Proposition 2, for each vector (SI,..

This proposition asserts that the existence of a unique equivalent probability
measure, Q, making relative bond prices martingales (condition (16)) is equivalent to the condition that the market prices for risk are independent of the
vector of bonds {SI, .. ., Sd} chosen (condition (17)). Furthermore, condition (17)
is also equivalent to a restriction on the drift of the forward rate process
(condition (18)). We discuss each of these conditions in turn.
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The martingale condition (16) implies that
(19)

P(t, T) = B(t) E(exp {E

-(1/2)

E

i(t)

i(t)

dt

dWi(t)

B(T) Ft).

Expression (19) demonstrates that the bond's price depends on the forward rate
drifts {a(-, T): T E [0, r]}, the initial forward rate curve {f(0, T): T E [0, r]}, and
the forward rate volatilities {ori( , T): T E [0, r]} for i = 1, . . . , n. All of these
parameters enter into expression (19) implicitly through 4Pi(t) for i = 1, ...,
the market prices for risk and B(T), the money market account.
Condition (17) of Proposition 3 is called the standard finance condition for
arbitrage free pricing. This is the necessary condition for the absence of
arbitrage used in the existing literature to derive the fundamental partial
differential equation for pricing contingent claims (see Brennan and Schwartz
(1979) or Langetieg (1980)).
Last, for purposes of contingent claim valuation, the final condition contained
in expression (18) will be most useful. It is called the forward rate drift
restriction. It shows the restriction needed on the family of drift processes
{a( *, T): T E [0, r]} in order to guarantee the existence of a unique equivalent
martingale probability measure. As seen below, not all potential forward rate
processes satisfy this restriction.
5. CONTINGENT

CLAIM VALUATION

This section demonstrates how to value contingent claims in the preceding
economy. As this analysis is a slight extension of the ideas contained in Harrison
and Kreps (1979) and Harrison and Pliska (1981), the presentation will be brief.
More importantly, it also provides the unifying framework for categorizing the
various arbitrage pricing theories in the literature (i.e., Vasichek (1977), Brennan
and Schwartz (1979), Langetieg (1980), Ball and Torous (1983), Ho and Lee
(1986), Schaefer and Schwartz (1987), Artzner and Delbaen (1988)) in relation
to our own.
Let conditions C.1-C.5 hold. Fix any vector of bonds {S1,..., S
[0,d]
where 0 < S1 < S2 < ... < Sn,<r. By Proposition 2, there exists a unique
all Z(t, Si) martingales for i= 1,...,n. The uniqueness of
QSI,
sn making
QS S implies that the market is complete (Harrison and Pliska (1981;
Corollary 3.36, p. 241)), i.e., given any random variable X: Q -> R which is
nonnegative, Fs1 measurable with Esl. -Sn (X/B(S1)) < + ocwhere E( . )ss.
there exists an admissible5 selfdenotes expectation with respect to QS .5
financing trading strategy {No(t), Nsl(t),..., Ns (t): t E [0, S1]} such that the
5For the definition of an admissible self-financing trading strategy, see Harrison and Pliska
(1981).
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value of the portfolio satisfies
n

(20)

No(SI) B( SI) + ENsi( S1)P(S I1 Si) = X a.e. Q.
i=l

The random variable X is interpreted as the payout to a contingent claim at
time Si. Harrison and Pliska (1981) define an arbitrage opportunity and show, in
the absence of arbitrage, that the time t price of the contingent claim to X at
time Si must be given by
(21)

Es,. sn(XB(SI)jFt)B(t)

Substituting expression (20) into (21) yields

(22)

Es'

S

NO(SI) +Nsl(SI)/B(SI) + , Ns(S,)Z(SI,SJJFt B(t)

To value this contingent claim, expression (22) demonstrates that we need to
know the dynamics for r(t) and Z(t, Si) for i = 1,... , n, all under the martingale measure; that is,
n

(23)

r(t) =f (0, t) + ta( v, t) dv +

ft

( v, t) dWis

Sn(v)

n

+ Eftyi(v;Sl,...,sn)oi(v,t)dv
i=1

Q

a.e.

0

and
(24)

Z(t, u) = Z(O, u) exp - (1/2)

ftai(v,

u)2dv

n

+

Ef

ai(v,u)

dWis

Sn(v))

a.e. Q

for u E (SI,... , Sn,. Therefore, we need to know yi(v; S1, .. , Sn) for i = 1,..., n,
the market prices for risk. These enter through the dynamics of the spot rate
process in expression (23). This is true even though the evaluation proceeds in
the risk neutral economy under the martingale measure.
All other bonds of differing maturities u E [0, r] are assumed to have
values at time SI, through expression (8), which are Fs measurable. Since
.s(P(S, u)/B(S)) < + ?? for all ue [0,r] and the market is complete,
Es
every other bond can be duplicated with an admissible self-financing trading
strategy involving only the n bonds {SI, . . ., Snj and the money market account.
Thus, one can price all the remaining bonds and all contingent claims. These
are the two purposes for the arbitrage pricing methodology as stated in the
introduction.
As expressions (23) and (24) make clear, the dynamics for the bond price
process, spot rate process, and the market prices for risk cannot be chosen
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independently. Independently specifying these processes will in general lead to
inconsistent pricing models. This is the logic underlying the criticism of the
arbitrage pricing methodology presented in Cox, Ingersoll, and Ross (1985,

p. 398).
The model, as presented above, captures the essence of all the existing
arbitrage pricing models. To see this, let us first consider Vasicek (1977),
Brennan and Schwartz (1979), Langetieg (1980), and Artzner and Delbaen
(1988). Since all four models are similar, we focus upon that of Brennan and
Schwartz. JBrennanand Schwartz's model has n = 2. Instead of specifying the
two bond processes for {S1, S2} directly as in expression (24), they derive these
expressions from other assumptions. First, they exogenously specify a long rate
process and a spot rate process. Second, they assume that all bond prices at
time t can be written as twice-continuously differentiable functions of the
current values of these long and short rates. In conjunction, these assumptions
(by Ito's lemma) imply condition (24). The analysis could then proceed as above,
yielding contingent claim values dependent on the market prices for risk.6'7
Along with the framework for categorizing the various models, an additional
contribution of our approach is to extend the above analysis to eliminate the
market prices for risk from the valuation formulas. Intuitively speaking, this is
done by utilizing the remaining information contained in the bond price
processes to "substitute out" the market prices for risk. For this purpose, we
add the following condition:
C.6-COMMON

EQUIVALENT

MARTINGALE

MEASURES: Given

conditions

C.1-C.3, let C.4 and C.5 hold for all bonds {S1, .. ., Sd) E [0,r] with 0 < S1 <
... < Sn < r. Further,let Q =
(on theircommondomain).
.s,
n
To remove the market prices for risk from expression (23), we assume
condition C.6. Proposition 3, the no arbitrage condition (expression (18)) gives
n

(25)

a(v, t) dv=

ftoi(v, t)i(v)

-

dv

n

+

?oi(v,
i=l

t)fti i(v,

y

dydv.

v

6Brennan and Schwartz (1979), however, didn't use this martingale approach. Instead, they
priced based on the necessary conditions given by the partial differential equation satisfied by a
contingent claim's value under condition (17). Artzner and Delbaen (1988) use the martingale
approach.
7Ball and Torous (1983) and Schaefer and Schwartz (1987) exogenously specify two bond price
processes {P(t,Sd),P(t,S2)1 directly. They price contingent claims based on necessary, but not
sufficient conditions, for the absence of arbitrage. Unfortunately, both the Ball and Torous model
(as shown by Cheng (1987)) and the Schaefer and Schwartz model can be shown to be inconsistent
with stochastic spot rate processes and the absence of arbitrage.
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Substitution of this expression into expression (23) for the spot rate yields
n

+ Eftu(v

t) dWi(v).

The market prices for risk drop out of expression (23) and they are replaced
with an expression involving the volatilities across different maturities of the
forward rates, i.e., a "term structure of volatilities." Thus, contingent claim
values can be calculated independently of the market prices for risk. We further
illustrate this abstract procedure with concrete examples in the next two
sections.
6. EXAMPLES

This section presents two examples to illustrate and to clarify the analysis in
Section 5. One example, a continuous time limit of Ho and Lee's (1986) model
(see Heath, Jarrow, and Morton (1988)), may prove useful in practical applications due to its computational simplicity.8
We assume that forward rates satisfy the stochastic process from condition
0, a
C.1 with a single Brownian motion and the volatility ul(t, T, o)o->
positive constant. We let the initial forward rate curve {f(O,T): T e [0,T]} be
measurable and absolutely integrable (as in condition C.2). Given a particular,
but arbitrary stochastic process for the market price of risk, 4: [0, r] x U -> R
which is predictable and bounded, we also assume that the forward rate drift
condition (18) is satisfied:
(27)

a(t, T) = -vo(t)
forall

+ cr2(T-t)
Te[0,r]

and

te[O,T].

It is easy to verify that conditions C.1-C.6 are satisfied. This implies, therefore,
that contingent claim valuation can proceed as in Section 5. Before that,
however, we analyze the forward rate, spot rate, and bond price processes in
more detail.
Under the equivalent martingale measure, and in terms of its Brownian
motion (see expression (15)), the stochastic process for the forward rate is

(28)

f t, T) =f(0, T) +a'2t(T -t/2) + aW(t).

Under condition (28), forward rates can be negative with positive probability.
The stochastic spot rate process under the equivalent martingale measure is
(29)

r(t) =f(0,t)

+o-W(t) +o-2t2/2.

Spot rates can also be negative with positive probability.
The examplein this section is similarto a model independentlyobtainedby Jamshidian(1989).
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The dynamics of the bond price process over time is given by substituting
expression (28) into expression (2):

(30)

P(t, T) = P(O, T)/P(O, t)] e-(/)tTt-rTtW

Next, consider a European call option on the bond P(t, T) with an exercise
price of K and a maturity date t* where 0 < t < t* < T. Let C(t) denote the
value of this call option at time t. The cash flow to the call option at maturity is
(31)

C(t*) = max [ P(t*, T) - K, 0].

By Section 5, the time t value of the call is
(32)

C(t) = E(max [ P(t*, T) - K, 0] B(t)/B(t*)IFt).

An explicit calculation,9 using normal random variables, shows that expression
(32) simplifies to
(33)

C(t) = P(t,T) ((h)

- KP(t, t*) ((h - a(T - t*) V/(t* ~-t))

where

(34)

h = [log(P(t,

T)/KP(t,

o-(T -t*)

r(t* -t)

t*)) +(1/2)cr(T-

t*)2(t*

_t)]

and 'P() is the cumulative normal distribution.
The value of the bond option is given by a modified Black-Scholes formula.
The parameter, o(T - t*), is not equal to the variance of the instantaneous
return on the T-maturity bond, but it is equivalent to the variance of the
instantaneous return on the forward price (at time t*) of a T-maturity bond,
(P(t, T)/P(t, t*)).
For the second example, assume that forward rates satisfy condition C.1 with
0 where
the volatilities o-1(t, T, w) a-, > 0 and o-2(t, T, w) -2e (A/2Tt)>
o-1,-2, A are strictly positive constants, i.e.,
(35)

df(t, T) = a(t, T) dt + a, dW1(t)+?2e-(A/2XT-t)dW2(t)
for all

TE [0, r]

and

t E [0, T].

Here, the instantaneous changes in forward rates are caused by two sources
of randomness. The first, {W1(t): t E [0, T]}, can be interpreted as a "long-run
factor" since it uniformly shifts all maturity forward rates equally. The second,
{W2(t): t E [0, r]}, affects the short maturity forward rates more than it does long
term rates and can be interpreted as a spread between a "short" and "long term
factor."
9This calculation and the one in the next section can be found in Brenner and Jarrow (1992).
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The volatility functions are strictly positive and bounded. Furthermore, the
matrix
(36)

al(t,S)
al(t, T)

a2(t,S)
a2(t, T)

-

o-(SL-1(T
-

-

t)
+2u2(e-(A/2)(S-t)_
t) + 2u2(e-(A/2XT-t)

-

1)/A]
1)/A

is nonsingular for all t, S, T E [0, ] such that t < S < T.
We arbitrarilyfix two bounded, predictable processes for the market prices of
risk, Xi: [0,7r]X Q -> R for i = 1, 2. To ensure the process is arbitrage free, we
set
(37)

cr

a(t, T)

(t)

2(2/A)e

+o(T-t)

(A/2XT-t)422(t)

2e

-(A/2XT-t)(e

1)

-(A/2XT-t)

The above forward rate process satisfies conditions C.1-C.6. Under the
martingale measure Q and its Brownian motions {J1(t), '2(t): t e[, r]}, the
forward rate process is
(38)

f (t, T) = f (0, T) +o2t
-

2(o2/A)2

(T-t/2)
[e AT(eAt - 1) -

+ oJWV(t) + (2

e-(A /2XTu)

2e-(A/2)T(e(A/2)t-

1)]

dW2( v)

0

This expression shows that forward rates can be negative with positive probability. The spot rate follows the simpler process:
(39)

r(t) = f(0, t) + 2lt2/2

-

2(u2/A) 2[(1 -

+ o-1WV(t)+ o2f ed(A/2Xt

e-At)

-

2(1 -

e-(A/2)t)]

W)dV2(v).

As before, we can calculate the value of a European call option on the bond
P(t, T) with an exercise price of K and a maturity date t* where 0 < t < t* < T.
Let C(t) denote the value of this call option at time t. By Section 5, the call's
value is

(40)

C(t) = P(t, T) (P(h) - KP(t, t*) (P(h - q)

where
(41)

h = [log (P(t, T)/KP(t,
q2

= ar2(T-

t*)2(t*

t*)) + (1/2)q2] /q,

-t)

+ (4U2 /A3)(e-(A 12)T - e-(A/2)t*)2(eAt*
7. A CLASS OF STOCHASTIC DIFFERENTIAL

_ eAt

EQUATIONS

The previous section provides examples of forward rate processes satisfying
conditions C.1-C.6. These processes have deterministic volatilities which are
independent of the state a E Q2.This section provides a class of processes with
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the volatilities dependent on w E Q2.This class of processes can be described as
the solutions (if they exist) to the following stochastic integral equation with
restricted drift:
(42)

a
T, w) dv
(Xv,

f(t, T) -f(O, T)

0

+

n
E
i=1

ai(v, T, f(v, T)) dWi(v)
0

forall

OSt<T

where
n

a(v, T, w)-

0J( u,y, f (t, y)) dy]

ai(vu,TJ (vu,T)) [+i(v u-|

forall
oj: { (t, S): 0 S t < S S T} x R -*R
fT|i(t,T,f(t,T))2dt

4i: Q1 x [O,r] -R

Te[O,r],

is jointly measurable and satisfies

< +?? a.e. Q for

i=

,...,n

and

is a bounded predictable process for i = 1,. ..,n.

We now study sufficient conditions on the volatility functions such that strong
solutions to this class of stochastic differential equations exist. The continuous
time analogue of Ho and Lee's (1986) model as given in expression (28) is a
special case of this theorem. The example of a proportional volatility function is
also provided below to show that additional hypotheses are needed.
A key step in proving the existence theorem is the following lemma, which
asserts that the existence of a class of forward rate processes in the initial
economy is guaranteed if and only if it can be guaranteed in an "equivalent risk
neutral economy."
LEMMA1-Existence
(43)

in an Equivalent Risk Neutral Economy:

[The processes {f(t, T): Te [0, ]) satisfy (42) with
yi(t; S1, ., Sn) =4i(t) for all O < t < S < ... < Sn S r and
i= 1,...,n]

if and only if

(44)

[The process {i(*,T):
TE[O, r]} defined by a(t,T)=
E>1olai(t,T, f(t, T))JtToi(t,v, f(t, v)) dv for all T E [0, r]
satisfies (42) with a(t,T) replacing a(t,T), Wi(t) replacing
is a Brownian moWi(t) where Wi(t)Wi(t)-fJti(y)dy
E
tion with respect to [(Q,F, Q), {Ft: t [0,r}], and Q replacing Q where dQ/dQ = exp {El1JfoT'i(t) dWi(t) (1/2)En 1fJT4i(t)2dt}].
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applicationof Girsanov'sTheorem.
PROOF:A straightforward

Q.E.D.

Combined with this, the next lemma generates our existence theorem given in

Proposition4.
LEMMA2-Existence of Forward Rate Processes: Let oi: {(t, s): 0 < t < s <
T} x R -* R for i = 1,..., n be Lipschitz continuous in the last argument, nonnegative, and bounded. Let (Q2,F, Q) be any equivalent probability space with
{W1(t),.. . l'(t): t E [0,T]} independentBrownianmotions; then, there exists a
jointly continuous f(, *) satisfying (42) with Wi(t) replacing Wi(t) and
,

n

ad(t, T)=

ori(t, T, f(t, T))

ojrit,v, f(t,v)) dv
for all

TE[O,r]

replacing a(t, T).

The proof of this lemma is contained in Morton (1988). The hypothesesof
Lemma 2 differ from the standard hypotheses guaranteeing the existence of

strong solutions to stochastic differentialequations due to the boundedness
conditionon the volatilityfunctions.
4-Existence of Arbitrage-Free Forward Rate Drift Processes:
PROPOSITION
Let 4i: [0, T] x Q2-*> R be bounded predictable processes for i = 1, . .. , n. Let ori:
be Lipschitz continuous in the last
{(t, s): O< t < s < T} X R -R for i = 1,...,n
argument, nonnegative, and bounded; then, there exists a jointly continuous
forward rate process satisfying condition (42).

By appending the nonsingularitycondition C.5, this proposition provides
sufficient conditions guaranteeing the existence of a class of forward rate

processessatisfyingconditionsC.1-C.6. This set of sufficientconditionsis easily
verifiedin applications.
To show that the boundednessconditionin Proposition4 cannotbe substantiallyweakened,we considerthe specialcase of a single Brownianmotionwhere
ul(t, T, f(t, T))

o f(t, T) for a fixed constant o > 0. This volatility function is
-*

positive and Lipschitzcontinuous,but not bounded.
For this volatilityfunction, the no arbitragecondition of Proposition4 with
0 implies that the forwardrate process must satisfy
4i(t)
(45)

f ( t, T) = f(O, T) exp (

T f(u,v)dvdu

forall

exp{-ao2t/2+o.W(t)}
Te[O,r]

and

tE [O,T].

Unfortunately,it can be shown(see Morton(1988))that there is no finitevalued
solution to expression(45). In fact, it can be shown that under (45), in finite
time, forwardrates explode with positive probabilityfor the martingalemeasure, and hence for any equivalentprobabilitymeasure. Infinite forwardrates
generatezero bond prices and hence arbitrageopportunities.
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The forward rate process given in (45) is in some ways the simplest model
consistent with nonnegative forward rates. The incompatibility of this process
with arbitrage free bond prices raises the issue as to the general existence of a
drift process {a(-, T): T E [0, ,]} satisfying conditions C.1-C.6, and with nonnegative forward rates. This existence issue is resolved through an example.
This example can be thought of as a combination of the two previous
examples. When forward rates are "small" the process has a proportional
volatility, and when forward rates are "large" it has a constant volatility.
Intuitively, as shown below, rates cannot fall below zero nor explode. Formally,
consider a single Brownian motion process with o-(t, T, f(t, T)) =
a min (f(t, T), A) for or,A > 0 positive constants. This volatility function is
positive, Lipschitz continuous, and bounded; thus, for an arbitrary initial forward rate curve Proposition 4 guarantees the existence of a jointly continuous
f(t, T) which solves
(46)

df(t,T)

=oamin(f(t,T),A)(f

aomin(f(t,s),A)

ds)dt

+ a min(f(t, T), A) dW(t).
The following proposition guarantees that this forward rate process remains
positive for any strictly positive initial forward rate curve.
PROPOSITION 5-A
Nonnegative Forward Rate Process: Given f(t, T) solves
expression (46) and given an arbitrary initial forward rate curve f(O, t) =I(t) > 0
for all t e [0,7], then with probability one, f(t, T)> 0 for all T e [0,7] and
t E [0, ].
PROOF:

In the Appendix.

Since the forwardrate process is a mixture of the constant volatility and
proportional volatility models, it is easy to see (using expression (46)) that the
forward rate drifts {a( , T): T E [0, r]} will be dependent upon the path of the
Brownian motion. Another forward rate process consistent with nonnegative
forward rates is provided in the next section.

8. THE EQUILIBRIUM

PRICING VERSUS THE ARBITRAGE
METHODOLOGY

PRICING

The crucial difference between our methodology for pricing contingent claims
on the term structure of interest rates and that of Cox, Ingersoll, and Ross
(1985) (CIR) is the difference between the arbitrage free pricing methodology
and that of equilibrium pricing, respectively. To clarify the relationship between
these approaches, we illustrate how to describe (or model) the equilibrium
determined CIR square root model in our framework. The CIR model is based
on a single state variable, represented by the spot interest rate r(t) for t E [0, irI.
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The spot rate is assumed to follow a square root process
dt +
dr(t) = K(O(t)-r(t))
r(t) dW(t)
where r(O),K, o- are strictly positive constants, 0: [0,]
(0, + Xo)is a continuous function of time, {W(t): t E [0, r]} is a standard Wiener process initialized at
zero, and 2K0(t) > a-2 for all t E [O,7].
The condition that 2K0(t) > o-2 for all t E [0,7r] guarantees that zero is an
inaccessible boundary for spot rates. Although this stochastic differential equation has a solution (see Feller (1951)), an explicit representation is unavailable.
In equilibrium, CIR show that the equilibrium bond dynamics are:
(47)

(48)

dP(t, T) = r(t) [1-AB(t,

T)] P(t, T) dt
r(t) dW(t)

-B(t,T)P(t,T)o
where A is a constant,

B(t, T)

+ K + A)(e (Tt)-1)

= 2(e1(Tt)-1)/[(y

and

y

=

+ 2y],

((K+ A)2 +

2ur2)1/2

The parameter A is related to the market price of risk, +(t) = - A r ( t) /a.
The market price of risk is restricted in equilibrium to be of this particular
functional form. CIR solve for the bond price process, and from this one can
deduce the forward rate process:
(49)

= r(t)(dBB(t,T)/aT)

f(t,T)

+Kf T(s) (aB(s,

T)/aT) ds.

Given its parameters, CIR's model has a predetermined functional form for
the forward rate process at time 0 given by expression (49). To match any
arbitrary, but given initial forward rate curve, CIR suggest that one "inverts"
expression (49) when t = 0 for {0(t): t E [0, r]} to make the spot rate process's
parameters implicitly determined by the initial forward rate curve; see CIR
(p. 395).
CIR never prove that such an inversion is possible, i.e., that a "solution"
{0(t): t e [0, r]} exists to expression (49) with t = 0. In fact, if {df(O,T)/aT:
T E [0, r]} exists and is continuous, then there is a unique continuous solution.10
Using standard procedures, one can show that the solution {0(s): s E [0, r]} to
'0Let {f(O, T): T E [0, r]) be twice continuously differentiable. Note that BT(t, T) -B(t, T)/dT
and BTT(t, T) d2BT(t, T)/dT are continuous on 0 < t < T < r with B(t, t) = 0 and BT(t, T) = 1.
Expression (49) with t = 0 is
f(O, T)

=

r(O)BT(O, T) + Kf

%(s)BT(s,

T) ds.

Differentiating with respect to T yields
[af(O, T)/dT

- r(O)BTT(O,

T)]/K = 6(T) + JT (s)( KBTT(S T)) ds.

This is a Volterra integral equation of the second kind with a unique continuous solution 0(*) on
[0,7r];see Taylor and Lay (1980, p. 200).
Q.E.D.
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equation (49) with t = 0 can be approximated to any order of accuracy desired
(see Taylor and Lay (1980, pp. 196-201)). Nonetheless, the CIR model is not
consistent with all initial forward rate curves. This is due to the requirement
that 2K0(t) > o2 for all t E [0,7r].Indeed, consider expression (49) initialized at
t = 0. Substitution of the inaccessible boundary condition into it, and simplification yields
(50)

2B(0, T)/2.
f(0, T) > r(0)dB(0,T)/dT+
Not all initial forward rate curves will satisfy this expression.
Hence, in our framework we have that CIR's term structure model can be
written as
(51)

df(t, T) = r(t)K(2B(t,

T)/dtdT-dB(t,

+ (dB(t, T)/dT)

T)/dT) dt

'r(t) dW(t)

where
r(t)

f
[(t,

T) -K;

T0(s)(dR(s,

T)IdT) ds/(dR(

t, T) IdT),

{f(O, T): Te [0, r]} is a continuously differentiable, fixed, initial forward rate
curve, and 0: [0,] >(0, + Xo) is the unique continuous solution to expression
(49) with t = 0.
To apply our analysis based on expressio (51), we need to guarantee that
conditions C.1-C.6 are satisfied. Recall that conditions C.1-C.3 guarantee that
the bond price process satisfies expression (8). Next, given expression (8),
conditions C.4 and C.5 guarantee that for any vector of bonds {SI, .. , S,J an
equivalent martingale measure exists and is unique. Finally, condition C.6
ensures that the martingale measure is identical across all vectors of bonds.
These conditions are sufficient to price all contingent claims when starting from
forward rates.
Alternatively, CIR exogenously specify the spot rate process. Consequently,
using different methods, they are able to guarantee that the bond price process
satisfies expression (8). Hence, we don't need to check sufficient conditions
C.1-C.3, since expression (8) is the starting point of our analysis. Next, given
that the bond prices are generated by an equilibrium with a single Brownian
motion, conditions C.4, C.5, and C.6 are easily verified. In fact, to check
condition C.6 one can easily verify that expression (18) is satisfied.
Given the form of the CIR model as in expression (51), we can now proceed
directly as in Section 5 to price contingent claims. This analysis will generate the
identical contingent claim values as in CIR subject to the determination of {0(s):
s E [0, r]}. Note that the forward rate's quadratic variation
<f(t, T))t = |t[(dB'(s, T)IdT)Ta/4]

d

depends on the parameters A, o, K, r(0), and {f(O, T): Te [0, r]}. The parameter A, however, is functionally related to the market price of risk. This makes
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contingentclaim valuationexplicitlydependent on this parameteras well (e.g.,
see CIR (expression(32), p. 396)).
With this analysisbehind us, we can now discuss some differencesbetween
the two pricingapproaches.First, CIR's model fixed a particularmarketprice
for risk and endogenouslyderived the stochasticprocess for forwardrates. In
contrast,our approachtakes the stochasticprocess for forwardrates as a given
(it could be from an equilibriummodel) and prices contingentclaimsfrom it.
9. SUMMARY

This paper presents a new methodologyfor pricingcontingentclaims on the
term structure of interest rates. Given an initial forward rate curve and a
mechanismwhich describeshow it fluctuates,we develop an arbitragepricing
model which yields contingentclaim valuationswhich do not explicitlydepend
on the marketprices for risk.
For practical applications,we specialize our abstract economy and study
particularexamples.For these examples,closed form solutionsare obtainedfor
bond options dependingonly upon observablesand the forwardrate volatilities.
These models are testable and their empiricalverificationawaits subsequent
research.
The paper can be generalizedby imbeddingour term structuremodel into the
largereconomyof Harrisonand Pliska(1981),whichincludestradingin alternative riskyassets (e.g., stocks)generatedby additional(perhapsdistinct)independent Brownian motions. Our model provides a consistent structure for the
interestrate process employedtherein.This mergingof the two analysescan be
found in Amin and Jarrow(1989).
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APPENDIX
PROOFOFEXPRESSION
(8): Before proving expression (8), we need to state a generalized form of
Fubini's theorem for stochastic integrals. This proof of this theorem follows Ikeda and Watanabe
(1981, p. 116) very closely, and is available from the authors upon request.
LEMMA
0.1: Let (Q?,F, Q) be a probabilityspace. Let (F,) be a referencefamily satisfying the usual
conditions and generated by a Brownian motion {W(t): t E (0, r]).

BOND
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Let {P(t, a, w): (t, a) E [0, r] x [0, r]} be a family of real random variables such that:

(i)

((t,,w),a) E {([0,r] xQ) x [0,r]} -(P(t,a,W)

is L x B[O,r] measurable where L is the predictable o-field;
>P?2(s, a,w ) ds < +oo a.e.

(ii)

for all t e [0,i];

0

(iii)

f{ftt

P(sa,

ds< +-oo a.e.

w)da}

forall

te[0,r].

If t -* Jo{fJPO(s,a, w)dWJ}da is continuous a.e., then
ft (fP(s,
COROLLARY

a,w) da}dW= T(f

da forall

(s,a,w)dW}

tFe[O,ir].

1: Let the hypotheses of Lemma 0.1 hold. Define

=)
\o(s,

a,

if (s, a) E [0t]X

[tt,r].

Then
f0Y(/TJs,
COROLLARY

a(s,aw)da} dW(s) = JT(JYO a(s

w)dW(s)}

da for all y r_ [0, t].

2: Let the hypotheses of Lemma 0.1 hold. Define

P(s,a, w) =fo
'
\(s,

a,w)1s<a

if (s,a) 0 [0,t] x [0,t]
if (s, a) C [0, t] x [0, t]

Then

f [ftJo.(s a, w) daj dW(s) = f aAy o-(s,a,w)dW(s)

da for all yF[O,t].

Now we can proceed with the proof of expression (8).

InP(t, T)

-

ff(O, y) dy-| J[fTcr(vI,

Y) dvl dy f-

f[ftoi(v,

y) dWi(v)Idy.

Note that the integrals are well-defined by conditions C.1, C.2.
By condition C.2, we can apply the standard Fubini's theorem. By conditions C.1-C.3 we can
apply Corollary 1 with y = t to get
In P(t, T)

-

f (0, y) dy - f[fTa(

o

)dvJ
dyv

-

[f'(

) dyJ dWi(v).

Adding and subtracting the same terms yields
T(

[Y)

+ tf(,y)dy+

Y

f
JdWt()
(y)dy

t

ft

at(v,y)dy]

dv +

?

ftrfti(v,

y)dyJ dWi(v).
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But, expression (5) yields with Corollary 2 (by C.1-C.3) for y = t:
ln P(t, T) = ln P(O, T) + f'r(y)

1 a(v, y) dv

dy - f

dy

n

IeTo[ iV

y) dy] dWi(v).

This completes the proof.

Q.E.D.

1: This proposition is proved through the following two lemmas. The
straightforward proofs of these lemmas are omitted.
PROOF OF PROPOSITION

LEMMA

Define

1.1: Assume C.1-C.3 hold for fixed {S1,... I Sne F [0, r] such that 0 < Si < ... < Sn < '.

n
X(t, y) =fb(v,

y) dv + E ftai(v, y) dWi(v)
forall

Then yi: D x [O,r] -R for i =1.

-b(t,

(ii)

n satisfies:

[al(t, S)

[b(t, SI)J

-al(t,

SO)

SO)

< +oo

fSI Yi()2dv

and ye {Sl,.,Sn}J-

tFe[O,y]

...

an(t, SI)

..

an(t,

a.e. Q for

Sn)

i= 1.

yI(t)

0[

J n(t)

-o

n;

0

(iii)

E(exp

E

f SYi(v) dWi(v) - (1/2)

(iv)

E(exp

E

fI la[i(i),

E

SlYi(V)2 dv})

=1;

and

y) + yi(v)] dWi(v)

n

-(1/2)

for y

fSl[ai(v,
i10

y)+

Yi(v)]2 dv})

=

1

(a)

Sn if and only if: there exists a probability measure QSI
n
n
dQs
/dQ = exp {
Yi(v)dWi(v) - (1/2) E

(b)

Wi Si.n(t)

C

Si,

{(Q, F,

(c)

j

...

Sn

such that

Y()2

dv}

= Wi(t) - ftyi(v) dv are Brownian motions on
0

sI...Sn), {F,:

dX(t, SI)

{

te [O, SI]}}

al(t, SI)

=
dX(t, SO)

..

for

i=1

n;

an(t, SI)

..Sn(t))
dWjSI

an(t, SO)

I. Sn(t)
dWnS

.

al(t, SO)

...

for

t e [0, SI];

and
(d)

Z(t, Si) are martingales on {(f,

F, Qs5
I

),{Fj,:te[O,Sj]}}

for

i=1,...,n.
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LEMMA

Define

1.2: Assume C.1-C.3 hold for fixed {S1... Sj} E [0, r] such that O < S1 < ... < Sn <
n

X(t, y)

=

ftb(v, y) dv +

E ftai(v, y) dWi(v)
for all t e [O,y]

and y e {S1... S}

There exists a probability measure Q equivalent to Q such that Z(t, Si) are martingales on {(Q, F, Q),
n if and only if there exists yi: Q x [O,r] -R fori= 1.
n and a
{F,: te [O, S1]}} for all i = 1.
such that (a), (b), (c), and (d) of Lemma 1.1 hold.
probability measure QSI
2: The proof of this proposition requires the following two lemmas.

PROOF OF PROPOSITION
LEMMA

Q. Define

n be such that f OJS2(v) dv < + 00 a.e.

2.1: Fix S < r. Let P3i:Q x [O,r] -R for i =1.

Tm- inf t e [O,S]: E(exp ((1/2)

> m}

Ef|3i(v)2dv)

n

n
exp

Mm(t)

d Wi(v)

(

-

P
10n( 3i(Tv)2dv)

(1/2)

.

Then

E(exP

(

E

S

10 pi(v)dWi(u)-(1/2)

=1

|f38i(V)2dv)

if and only if {Mm(S)}Y= are uniformly integrable.
PROOF:

Define P37'(v) ,f3i(v)1l <T}; then by Elliott (1982, p. 165),
(I' < Tn
fSpl;;
n
n

Mm(t)= exp

(E

) dW(v)-(1/2)

fSPm(

m(v)2

S1-

duv

is a supermartingale. Since
E( exp(1/2)

T

i(V)2

dv})

m

=E(exp{(1/2)fS17(v)2dv})

by Elliott (1982, p. 178) E(Mm(S)) = 1. Hence, Mm(t) is a martingale. Note
n
n
f|
2(v)dv}
P
lim Mm(S)= exp {
fS(v)
dWi(v) - (1/2)

with probabilityone since Tm-* S with probabilityone. Observethat {Mm(S)}= 1 is a martingale
=
with respect to m = 1,2,... because supE(Mm(S))= 1 < +oo and E(Mm?l(S)IFmin(S
Tn)
Mm+ 1(min(S, Tm))by the OptionalStoppingTheorem(since Tm< S, see Elliott (1982, p. 17))=
Mm(S) by the definitionof Mm.
Step 1: Suppose{Mm(S)}f 1 are uniformlyintegrable;then

= exp (
lim Mmm(S)
m M-l

|fsi(v)
?)

dWi(v)-(1/2)

f'S
id

?

Pi(v)2dv

in L1 (see Elliott (1982,p. 22)), and thus
E(exp 1

Pi(v)
d(Wi(d(v)-(1/2)

P|

i(v)2 dvY

But, E(Mm(S))= 1. This completesthe proof in one direction.

=

lim E(Mm(S)).
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Step 2: Conversely, suppose
fpi(v)

dWi(v) -(1/2)

E

fopi(V)2

dv))

=1.

EZtof8i(v)

dWi(v) -(1/2)

E

Ipi(V)2

dv)

T) = Mm(S),

{

E(exp

We know
E(exp

{

hence Mm(S) is uniformly integrable.

Q.E.D.

LEMMA 2.2: Assume conditions C. 1-C.3 hold for fixed SI,.. ., Sn E [0, ] such that 0 < SI < ... <
Sn < r. Suppose conditions (i), (ii), (iii), and (iv) of Lemma 1.1 hold; then yi(t) for i = 1.
n
satisfying (i), (ii), (iii), and (iv) are unique (up to A x Q equivalence) if and only if
(al(t,

...

SI)

an(t,

SI)

A(t)e

al(t, Sn)

an(t, S

is singular with (A x Q) measure zero.
PROOF: Suppose A(t) is singular with (A x Q) measure zero. Then, by condition (i) of Lemma
1.1, yi(t) for i = 1.
n are unique (up to A x Q equivalence).
Conversely, suppose I
{t x w E [0, S] x D: A(t) is singular) has (A x Q)(X) > 0. We want to
show that the functions satisfying conditions (i), (ii), (iii), and (iv) are not unique. First, by
hypothesis, we are given a vector of functions (y1(t), . . ., yj(t)) satisfying (i), (ii), (iii), and (iv).
Step 1: Show that there exists a bounded, adapted, measurable vector of functions (61(t) ... .,A
)
nonzero on I such that

[61(t)

1

o

1-1:1

A(t)I

g(t)

and

O

[6n(t)

exp

i(tSv) dWi(v) -

f

I

i(

Yi(v)d) )-

(1/2)

E

is bounded a.e. Q. Let X={(t, w): A(t) has ranki}. Xi is a measurable set. Then X= Un -11Xiand
Xn X1=0 for i Aj. Fix 1 > 0. On each set li, set 6?1(t) for i =1, . . .n equal to a solution to
677(t ) ]

0

t)

A(t)

such that SP(t) are bounded by min (7, 1/yi(t) for i =1, . . ., n). Finally, let S1(t) be zero on Xc for
i= 1,..n.
Note that we shall always interpret superscripts on 8 as the upper bound on the
process, and not as an exponent.
By construction, V1(t) are adapted, measurable, bounded by 71, and
n

n

dv + (1/2)
Et,6i7(v,yi(v)
Let a

=

inf{j E {1,2,3,...}:

(1/2)2jS

rI = inf {t E [0, S]: ,
nf{t

S/

,rj= inf t E- [O,S]

n
,

ft

6iq(V)2dv

< [2 + q2 ],r a.e. Q.

< 1). Define inductively the stopping times:
ff6(1/2)

(v) dWi(v) > (1/2)),
(v

(v

(2)

t 16(1/2)2j+a(v) dWi(v) >
(112)j

fo

jfor3

j=234,
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We claim that Q(limj ,. rj = S)

=

1. Indeed,
f

Q( Tj< SI2F2j )

(v

(i1/22j+

<

-

s

J

6(

[1/21i21 Ij
<

[1/2]
Hence E[Q(rj < SIFT1j

=

Fj .

dWi(v)
(21/2) >

1/2)2j+)(v))

dv by Chebyshev's inequality,

\

S < (1/2)2j

2j ( [1/2])

Q (rj < S) < (1/2)2j.

by choice of a.

Since

Q( lim rj = S) = 1 - Q lim rj < S) and
rj <S)

Q(im

<Q(fn(r]<S) )

j =1,2,3,...

inf{Q(rj<S):

=0,

this proves the claim.
Set

(

=

,

1

for i =1.

6(1/2)2j+ (t)

n.

j=0

Si(t) is bounded, adapted, and measurable and satisfies

1

1(t)

A )

a.e. AX Q.

A(t)
0

6n (t)

Note that for all t e [0, S],
n

oo

j( t ) dWi1(t) < E (1/2)j = 2,

E
so

n

n

{n

exp\zt..

j(t)dWJ(t)U

vd-E

v

(1/2)E

i

JU

f

k L

UJ)

v

is bounded a.e. A x Q. This completes Step 1.
Step 2: Show that (yl(t) +81(t).....yn(t) + 6n(t)) satisfies conditions (i), (ii), (iii), and (iv) of
Lemma 1.1. This step will complete the proof.
Conditions (i) and (ii) are obvious. To obtain condition (iii), define
Tm =

inf te [0,T]: E(exp

Mm(t) = exp

{

E

(1/2)

fmin (Tm,t)[yi(v)

t(yi(t)

+ ti(v)]

+

6i(t))2d} d

dWi(v)

n

- (1/2) E f
i10

mn(T

t)[i(V)

+ 6i(V)]

dv

>m) )
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By Lemma 2.1, we need to show that Mm(S) is uniformly integrable. But
n

Mm(s)

exp i

=

min(S,Tn)yi(v)

dWi(v)

n

n

E

(1/2)

ymin(STm)

|

exp{

()2dv

S

i(v) dWi(v)

n

-(1/2)

min (S

E

m)

[2()i(V

,5

(V)V]
) +

Idv

dvi

Since
exp

E|

(

('m)Xi(

v) dWi(v) - (1/2)

, Tn)

) + si(v)2]

[m2iyi(()86iS(

dv)

is bounded,
n

Kexp

O<M-(S)

f

~

min

~

i(STM)Yi()dWi(v)

~

n

- (1/2)

?mnS,m2

Iin(S,Tm)d(V)21dv

for some K > 0.
By Lemma2.1 since yi(t) satisfies(iii), the righthandside is uniformlyintegrable.By Kopp(1984,p.
29), it can be shown that Mm(S) is uniformlyintegrable.Finally,an analogousargumentused to
Q.E.D.
prove(iii) shows(iv) holdsas well.
PROOF OF PROPOSITION5: Fix a To. Consider

-o- min(f(f,T0)A)f

7(t)
=-

?a min(f(t,s),A)ds/o-

min(f(t,TO),A)

fToo min (f(t, s), A) ds-

Since a-min(f(t, s), A) is bounded,7(t) is bounded.Hence,
E(exp{(1/2)J

fT0(t)2dt})

< + oo.

By Girsanov'stheorem,there exists an equivalentprobabilitymeasureQ and a Brownianmotion
W(t) such that df(t, To)=o- min(f(t, To),A)dW(t). Define to = inf{t E [O,To]: f(t, To)=O}. By
Karlinand Taylor(1981,Lemma15.6.2),zero is an unattainableboundary,i.e., Q{to< To}= Q{to<
To}= 0. Since f(t, To) has continuoussample paths, f(t, To)> 0 a.e. Let {Ti:i = 1,2,3,... }be the
rationalsin [0, r]:
Qtf(t,Ti) =O forsome Ti andsome te [0,7Ti]
Q'l U { f (t, Ti) = Ofor some t [0, Ti]}

U{f(t,Ti)=0forsome

t c [O,T1I}}

.

i=l

By the joint continuity of f(t, T), Q{f(t, T)

>s

0 for all T7e [0,7] and all t e [0, T]} = 1.

Q.E.D.
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